We have developed a precise dictionary between the spectrum of primordial density fluctuations and the parameters of the effective field theory (EFT) of inflation that determine the primordial power spectrum (PPS). At lowest order the EFT contains two parameters: the slow-roll parameter , which acts as an order parameter, and the speed of sound cs. Applying second-order perturbation theory, we provide maps from the PPS to the EFT parameters that are precise up to the cube of the fractional change in the PPS (∆P/P) 3 , or less than 1% for spectral features that modulate the PPS by 20%. While such features are not required when the underlying cosmological model is assumed to be ΛCDM they are necessary for alternative models that have no cosmological constant/dark energy. We verify the dictionary numerically and find those excursions in the slow-roll parameter that reproduce the PPS needed to fit Planck data for both Λ and no-Λ cosmological models.
Introduction
Before reporting on our work 1 which provides a map between changes in the parameters of an effective description of inflation and the modulations in the primordial fluctuations, and vice versa, we will recall the basics of inflation, the observational consequences and motivate the departure from the simplest realisation of inflation.
Inflation is a near-exponential expansion of space that results in 50-60 e-folds of expansion, a 50-60-fold multiplication of the scale factor by e. This large increase of the scale factor dilutes any exotic relics, flattens the space and stretches regions previously in causal contact beyond the horizon (the largest observable scales are only reentering today), solving the monopole, flatness and horizon problem, respectively.
Inflation is typically realised by a scalar field slowly rolling down an almost-flat non-zero potential. The low kinetic energy and non-zero potential act as an energy density with negative pressure supporting the near-exponential expansion.
Inflation occurs when the slow-roll parameter = −Ḣ/H 2 < 1, and space-time is almost de Sitter when 1. This requires that the scalar field kinetic energyφ 2 /2 is small as it also holds that = −φ 2 /(2H 2 ). In addition, for inflation to last long enough the change in the kinetic energy should be small motivating the introduction of a second parameter η = −φ/(Hφ)
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As the scalar field φ is subject to quantum fluctuations there are accompanying fluctuations in energy-momentum which source curvature perturbations, fluctuations in the gravitational potential that lead to later structure formation. Inflation therefore also provides a quantitative description of primordial fluctuations as they are summarised in the primordial power spectrum (PPS). The PPS P (k) is the variance of the Fourier coefficient R k of the curvature perturbation R
which can be scaled by a power of the wave numbers to give the dimensionless PPS P(k) ≡ k 3 P (k)/(2π 2 ), henceforth only referred to as the PPS. The curvature perturbation R is found in the exponent of the three-metric h ij = a 2 (t)e 2R δ ij in the space-time element ds 2 = −N 2 dt 2 + h ij (dx i + N i dt)(dx j + N j dt) where N and N i are the lapse and shift, respectively. In simple inflationary models the predicted PPS is a power law
where A is the amplitude measured at the wave number k * (the pivot scale) and n s is the spectral index, close to 1. Furthermore, non-Gaussianity is strongly suppressed so the 2-point function provides a sufficient description of the statistics. The amplitude and spectral index can be related to the inflationary (slow roll) parameters. The amplitude is proportional to (H/M Pl ) 2 and inversely proportional to . Reflecting the evolution of the scalar field during inflation the spectral index n s depends on η also such that n s − 1 = 2η − 4 .
There are inflationary scenarios where the resulting PPS differs from the simple power-law form and many possible realisations have been explored. For instance, this can be done by introducing a more complicated potential 11 , multiple fields 10 , inflation in stages 15 13 , violations of slow-roll 12 , or a plateau in the potential that amplifies the power of fluctuations and allows primordial black hole production 9 .
After noting that the PPS need not be simple we now turn to how it is inferred from data. The PPS is related to the observed temperature fluctuations of the CMB in a linear way. If the temperature fluctuations ∆T (n) are decomposed in spherical harmonics ∆T (n) = a m Y m (n) then the angular power spectrum C , which is the two-point function of the spherical harmonics a m a * m = C δ δ mm can be related to the PPS by transfer functions ∆ (k) such that
By discretising P(k) → p using a sufficiently fine grid the relation above can be written as a matrix equation d = Wp where C corresponds to d. It is impossible to obtain the PPS p from the data by an inversion with W −1 as this matrix does not exist. Many different PPS can lead to the same data. However, it is possible to choose the most likely PPS given the data subject to the constraint that the PPS is not too 'jagged', with this roughness parameterised by an integral of squared first derivatives of the PPS. In addition, W is dependent on the choice of cosmological parameters as the growth of perturbations is sensitive to the background cosmology. Keeping the data d fixed it is possible to find a PPS p 1 and a set of alternative cosmological parameters (having for instance Ω Λ = 0) with the associated transfer function W 1 which together produce the same data d as the current best-fit ΛCDM cosmological model with W 2 and a power-law PPS p 2 . Then d = W 2 p 2 and d = W 1 p 1 . It is clear that a power-law PPS will not work for a Ω Λ = 0 model. This is illustrated in Figure 1 where the best-fit ΛCDM cosmology with a power-law PPS is compared to a no-Λ b model with a power-law PPS. The difference between the two spectra is visible beyond cosmic variance. By compensating with the addition and subtraction of power on particular scales, through oscillations, a physically plausible PPS may provide a good fit for an Ω Λ = 0 model. The many possible realisations of inflation lead us to look for an effective description which can encompass many of them as different histories of its parameters. The EFT of inflation has already been formulated 2 . The idea is that a part of the diffeomorphism invariance of general relativity, a space-dependent time shift, can be used to cancel the fluctuations in the scalar field. As the metric also transforms under this shift it now gets a complicated spatial dependence. The possible theories that respect the residual spatial symmetries are the remaining invariants which involve the 00 metric component and the extrinsic curvature. It can be shown 3 that the second-order action of the EFT of inflation can be written in terms of the curvature perturbation R as
where (τ ) is the slow-roll parameter and c s (τ ) is the speed of sound c . A complicated inflationary history is now parameterised in the functions (τ ) and c s (τ ).
Establishing the dictionary
Consider the second-order action of the EFT of inflation (4) and take the scale factor to be that of pure de Sitter space: a(τ ) = −(Hτ ) −1 .
As previously noted, the PPS is the two-point function of the Fourier coefficients of the curvature perturbation P(k) ∝ R k (τ )R k (τ ) . This expectation value is understood as that in quantum field theory 0|R k (τ )R k (τ )|0 and it is to be evaluated at the end of inflation τ = 0. The solution for the mode functions R k and their derivative is known
when the EFT parameters do not vary. The theory is quantised by
and the vacuum satisfiesâ k |0 = 0. The case of interest, the time-dependent slow-roll parameter is split into a constant and a varying part (τ ) = + ∆ (τ ) = (1 + ∆ / (τ )). This turns the action into a solvable piece and an interacting piece with two terms:
Here the second integral is the interaction component with Lagrangian density
In the case of the speed of sound the split is made so that 1/c 2
as, here, excursions from c s = 1 will be considered. The action becomes
The corresponding Hamiltonian densities are the negatives of the Lagrangian densities H int = −L int .
Corrections to the PPS are corrections to the expectation value R k R k due to the interacting parts. The fractional change in the PPS will turn out to be proportional to the fractional change in the EFT parameters which are typically ∼ 10% and this justifies a perturbative treatment.
The expectation value R k R k in the interacting theory is given by 5
and is evaluated for τ = 0. These are multiple integrals of expectation values over nested commutators of the interaction Hamiltonian density with the operator that is being considered. The number of nested commutators corresponds to the order of the perturbative correction. All terms reduce to a product of creation and annihilation operators and the answer is given by all possible Wick contractions. The correction to the PPS from slow-roll parameter excursions is found to be
where the subscript 1 indicates that the computation is the first order result. This can be inverted to give the slow-roll parameters in terms of the PPS modulation
Since a speed of sound change only leads to an interaction term with one operator it is found to have a simpler relation to the induced modulation
which inverts to
It turns out that the second-order correction to the PPS modulation from changes in either EFT parameter equals the square of the respective first-order correction: ∆ 2 P/P(k) = (∆ 1 P/P(k)) 2 .
Then the full modulation of the PPS is the sum of the first-order correction and its square ∆P/P(k) = ∆ 1 P/P(k) + ∆ 2 P/P(k) = ∆ 1 P/P(k) + (∆ 1 P/P(k)) 2 (15) and so it is possible to isolate either EFT parameter for a given correction Y ≡ ∆P/P(k) by noticing that the relation between the integral transform (J) of the EFT parameter (X) Z ≡ J(X) is related to the given correction Y by a quadratic equation: Y = Z + Z 2 whose one solution is Z = (−1 + √ 1 + 4Y )/2. Knowing the forward J and inverse relation J −1 between X and Z it is found that X = J −1 ((−1 + √ 1 + 4Y )/2). In other words, the first-order dictionary can be used even in the second-order case once the given (to be inverted) PPS modulation ∆P/P is replaced by an effective PPS
yielding an expression for ∆ / which is expected to receive ∼ (∆P/P) 3 order corrections and higher. For ∼ 20% modulations of the PPS this corresponds to neglected corrections to ∆ / of only ∼ 1%. Having specified ∆ / , the exact fractional change in the PPS ∆P/P that the ∆ / induces can be obtained by solving the equation for the curvature perturbation
mode by mode and computing k 3 |R k | 2 /(2π 2 ), having imposed the initial conditions respecting (5) . This is to be compared with applying the first-order order formula for the modulation of the PPS (12) or obtaining an answer that takes second-order corrections into account by adding in addition a term equal to the square of the first-order result (15) . These three cases are shown in Figure 3 where the numerical solution (full red line) is compared to the first order correction (dotted black line) and second order corrected result (dashed black line). The inclusion of the second-order contribution improves the dictionary to agree with the numerical result within a band ∼ (∆P/P) 3 . As the fractional changes in the toy model are large, up to 25%, the first-order result was not expected to account for the whole change.
Having confirmed that the dictionary works it will now be applied to real data. 
Making both Λ and no-Λ cases fit
The PPS was estimated from Planck Release 2 (2015) 14 temperature (T T ) data imposing a penalty on the square of the first derivative of the PPS, thus favouring smooth spectra, but not excluding rough ones. The details of this procedure are found in 6 and 7 . As the estimation of the PPS is itself dependent on the assumed cosmological parameters there is one for each set adopted cosmological model. The estimated PPS assuming the best-fit ΛCDM model and the EdS model are seen in Figure 5 where both estimated PPS are compared to a power law.
In both cases, the reconstructed PPS have lower power on scales near 2 × 10 −3 Mpc −1 compared to the power law. This comes from low power in the T T angular power spectrum near = 23. While the PPS of ΛCDM seems otherwise consistent with a power-law PPS the EdS model requires a prominent feature and additional oscillations on smaller scales. This is reflected in the slow-roll parameter changes reconstructed from these PPS estimates using the dictionary with second-order corrections which are shown in Figure 6 . Both reconstructions favour a peak near N = 5 to explain the low-anomaly. In addition the no-Λ case requires a trough of characteristic size ∆N ∼ 1 including a sharp feature (∆N ∼ 0.1) in the middle, similar to the toy model.
These findings should be treated with caution as an inspection of the plots by eye does not reveal the correlations present between the data points. This is illustrated in the difference between the uncertainty in the estimated when using only the diagonal values of the covariance matrix associated with the PPS estimates (green band of Figure 6 ) and using the full covariance matrix (purple band). This continues to hold for the estimates which have correlations among neighbouring e-fold values which this plot does not show. A full statistical analysis returning maximum-likelihood estimates of the slow-roll parameter changes should be performed. This was beyond the scope of this work whose focus was the establishment of the dictionary. The statistical significance of the presence of features is left for future work.
Conclusion
Though features may be interesting from the point of view of elucidating the mechanism behind cosmological inflation they are currently not required for the best-fit ΛCDM model. For alternative cosmological models such as EdS, however, features are necessary for an acceptable fit to CMB data. As the angular power spectrum is sensitive to both the cosmological parameters and the PPS, in order that the angular power spectrum stay fixed under a change of cosmological parameters, the PPS must be modulated in a specific way to ensure this. In these cases, the necessary PPS modulation is very specific. While the underlying mechanisms for the production of features can be diverse, the predictions are ultimately for the statistics of the adiabatic curvature perturbation. The EFT of inflation is the EFT of the curvature perturbation where to second order the curvature perturbations arising from a more complicated inflationary scenario can be parameterised by changes in the EFT parameters: the slow-roll parameter, which is also the order parameter of the theory, and the speed of sound.
A dictionary was found relating the modulations of the PPS ∆P/P(k) to the parameters of the EFT, and vice versa. First, corrections to the PPS due to excursions in either the speed of sound c s or the slow-roll parameter were computed using perturbation theory. The resulting integral transforms relating the excursions to the PPS were then inverted to also express the excursions of the respective parameters in terms of a given modulation of the PPS. Both the forward relation, expressing the modulation of the PPS to the effective parameters, and its inverse relation were computed to second order in the effective parameters, leading to relations that are expected to be of the order (∆P/P) 3 . For modulations as high as ∼ 20%, this amounts to a less than 1% error in the slow-roll/speed of sound parameter.
The dictionary was verified by checking that a numerical integration of the equation evolving the curvature perturbation R(k) from early to late times assuming a given excursion of the slowroll parameter ∆ / (τ ) would produce the same modulation of the PPS ∆P/P(k) as that given by the dictionary.
The dictionary was then applied to obtain the slow-roll parameter excursions ∆ / (τ ) from estimates of the PPS ∆P/P(k) reconstructed from Planck Release 2 data. As the estimated PPS depends on the assumed cosmologial model both the case of the best-fit ΛCDM cosmological model and an alternative EdS cosmological model was considered. The slow-roll parameter changes reconstructed from Planck data suggest that sharp features are needed for a no-Λ cosmology to fit Planck data.
Outlook
If the observed acoustic peaks have a primordial component arising from a more complicated inflationary theory, this interacting theory is expected to have additional signatures manifesting as primordial non-Gaussianity. The EFT provides the tools 4 , the cubic action and perturbation theory, to compute the resulting form of non-Gaussianity. However, preliminary studies indicate that this is currently too weak to be observed in the CMB. In this way, the exercise of finding the PPS subject to the constraint that it provides a good fit for an alternative cosmological model goes beyond finding a fit and has phenomenological consequences. In this particular case, the specificity of the modulation is benecifial because it gives a fixed non-Gaussian template to search for.
A full statistical analysis of the reconstructed slow-roll parameter changes should be performed to elucidate exactly which reconstructed slow-roll parameter excursions are needed to fit the no-Λ cosmology.
Here, estimates of the PPS have been used to reconstruct the EFT parameters. That is not strictly necessary. It is possible to go directly from the cosmological data set to the EFT parameters, circumventing the PPS. As the relation between the EFT parameters and the PPS are now known, and the relation between the PPS and the angular power spectrum is also known, the composition of the two maps, or a matrix multiplication in the case of two linear relations, provides the transfer function from EFT parameters to the cosmological data set. The inversion, going from the cosmological data set to the EFT parameters, can then be accomplished under a smoothness constraint on the EFT parameters.
A more pertinent and ongoing investigation is confronting the no-Λ model with the combination of large scale structure data and CMB data. Large scale structure surveys peg the matter power spectrum at multiple redshifts where the only difference between the matter power spectra at the given redshifts is the cosmological evolution, depending only on the cosmological parameters of the theory.
